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Abstract We propose a series of carbon nanostructures in the shape of tetrapod as
a kind of three-dimensional junction for carbon nanotubes. The tetrapod junctions are
such open networks that are made of sp2 carbon atoms only, have negative Gaussian
curvature, and connect four nanotubes together. We define the structure of standard
tetrapod junctions, the simplest one, that have 12 heptagons other than hexagons
and have the Td symmetry.Our tight-binding energy-band calculations for the stan-
dard tetrapod junctions of smaller sizes show that their electronic property mainly
depends on one particular topological factor: the junctions having a carbon atom in
the center of each triangular face of tetrahedron exhibit metallic band structure while
the junctions having a benzene ring in the center of the faces are semiconductors. We
also find that tetrapod junctions connecting (6,0) nanotubes exhibit a flat band near
the Fermi energy in a particular momentum region. The origin of the flat band states
can be figured out from the wavefunction distribution. We also show the possibility
to extend the standard tetrapod junctions to some non-standard ones that can connect
nanotubes of different kinds and/or radii.
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1 Introduction

One of the most fascinating features of sp2 carbon materials, such as fullerenes and
nanotubes, is the fact that the electronic property is mostly determined by the topology
of sp2 carbon network. The electronic property of nanotubes, for example, to be
metallic or semiconducting is determined by a single topological parameter, the chiral
vector. The variety of electronic state of fullerenes is also considered to originate from
the variety of network topology: different ways of inserting 12 pentagons into a hon-
eycomb network cause different electronic states of fullerene. The network topology
is most responsible for the electronic property of sp2 carbon materials because in these
materials the π electrons, whose intrinsic behavior is well described even in the nearest
neighbor approximation, govern the electronic state near the Fermi energy. Thanks
to this fact, a number of theoretical studies discussing the network topology of car-
bon materials have always provided useful informations and insight for the electronic
property of the materials.

There is no doubt that the junctions connecting multiple nanotubes play a key role
in the so-called nanotube electronics that is expected to replace today’s silicon-based
electronics. Though most of the nanotube junctions, experimentally fabricated at this
moment, have rather simple structures such as I, T, Y and X-shapes [1–7], there remain
some other structures [8, 9] that have the potential to be a nanotube junction. As such,
we study a series of nanotube junctions that have a shape of tetrapod. The nanotube
junctions of tetrapod shape connect four nanotubes and form three-dimensional nano-
tube networks of diamond structure. We study the relation between the electronic
property and the topology of the nanotube junctions of tetrapod shape. Though such
a junction of exact tetrapod shape has not yet been synthesized or found as a real
carbon material, the recently discovered material, carbon nanofoam [10, 11], should
have a similar structure in order to realize a multiply branched structure of nanotube.
To achieve a simple and clear understanding of the electronic property of nanotube
junctions is therefore useful to provide a perspective to the rich variety of sp2-carbon
based materials.

2 Nanotube junctions of tetrapod shape

We define the topological structure of the tetrapod junctions studied in this work in
order to focus attention to the relation between the electronic structure and the topology
of junctions. There are, apparently, infinite number of junctions that have a tetrapod
shape in common but have a variety of topologies. For such tetrapod junctions there
already exist the theoretical studies that propose or generate some model structures
as three-connected open networks made of sp2 carbons [8, 9, 12–18]. We, in this
work, require two topological conditions to define the simplest tetrapod junctions as
a standard, i.e., a prototype, of nanotube junctions of tetrapod shape.

As a premise, we consider the tetrapod junctions as a series of open networks of
tetrapod shape made of sp2 carbon atoms only. The tetrapod junctions are therefore a
series of three-connected networks with some negative Gaussian curvatures to make
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the tetrapod shape as a whole. As a material, the tetrapod junctions form a hypothetical
crystal of pure sp2 carbon in three dimensions.

The first condition for the tetrapod junctions is the requirement that they contain
only heptagons other than hexagons. It is a well established argument that at least
one ring larger than hexagon is necessary to make a negative Gaussian curvature in
a three-connected network. There are many possible structures that contain octagons,
nonagons or other larger rings [19] and are many possible structures that contain 5-,
4-, or 3-membered rings together with some rings larger than hexagon [20]. Though
some of them may have less strain energy, we, in this study, exclusively consider the
tetrapod junctions containing hexagons and heptagons.

The first condition determines the number of heptagon. Since the genus g for the
tetrapod junctions is g =2, that is the same as a double torus, it is straightforward to
derive F7 =12 from the relations below

6F6+7F7 = 3V (1)

6F6+7F7 = 2E (2)

V + F6+F7−E = 2 − 2g (3)

where V , E , F6 and F7 are the numbers of vertex, edge, hexagon and heptagon, respec-
tively. All the tetrapod junctions studied in the this paper have therefore 12 heptagons
together with hexagons.

As the second condition we impose the Td symmetry on the tetrapod junctions.
This requirement drastically simplify the structure of the junctions: the symmetry of
the tetrapod junctions should be the same as the symmetry of regular tetrahedron.
The four nanotubes connected by the junction, that correspond to the four vertices
of tetrahedron, should therefore be identical and should be armchair or zigzag tubes
because of the threefold rotational symmetry of tetrahedron. The task to find the pos-
sible structures for the standard tetrapod junctions is now reduced, as the first step,
to distribute 12 heptagons onto the surface of tetrahedron that have four identical
vertices, six identical edges and four identical faces. There are two solutions for the
distribution of 12 heptagons: three heptagons on each face or two heptagons on each
edge. The arrangement of the three (two) heptagons on each face (edge) should also
satisfy the Td symmetry.

After putting the two topological conditions above described, we can classify the
tetrapod junctions into the eight groups depicted in Fig. 1. We employ two topological
factors to describe the eight groups: the type of nanotube and the center of the face of
tetrahedron. As the type of nanotube, there are two possibilities, i.e., the armchair or
zigzag tube. The center of the triangular face of tetrahedron should be a carbon atom
or a benzene ring. This requirement is also due to the Td symmetry. Considering the
two orientations for each of the central atom and central ring, we can choose one of
four possibilities as the center of the face. Since there is no restriction in choosing
the two factors, i.e., the type of nanotube and the type of face center, all the standard
tetrapod junctions are classified into the eight groups.

The arrangement of 12 heptagons are simultaneously determined for each of the
eight groups. In order to see that, we view an armchair (zigzag) nanotube as a parallel
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Fig. 1 The standard tetrapod junctions classified into eight groups. The type of nanotube is distincted by
the color of blue for armchair and of red for zigzag. The face of tetrahedron, that is a carbon atom (a), (b),
(e), (f) or a benzene ring (c), (d), (g), (h), is marked by yellow. The heptagons distributed on the face (a),
(b), (d), (g) or on the edge (c), (e), (f), (h) are marked by green

alignment of armchair (zigzag) lines that are in a circular shape, that is., the circum-
ference of the tube. Similarly, we consider the area around the face center of a junction
as an alignment of armchair or zigzag lines that are parallel to the circumferences of
one the four nanotubes. For the junctions in the groups (c) and (g) in Fig. 1, the area
around the face center can be seen as an alignment of armchair lines that are parallel to
the circumference of one of the four nanotubes or to the horizontal direction in Fig. 1.
For the others in Fig. 1, we see an alignment of zigzag lines in the area around the
face center. There are two cases: for the junctions in the groups (c), (e), (f) and (h)
the alignment of the lines around the face center is the same as the one in the tube,
while for the junctions in the groups (a), (b), (d) and (g) the alignment of the lines
around the face center is different from the one in the tube. Now we see that the hepta-
gons inserted into the hexagons control the two cases: the heptagons are arranged on
the edge of tetrahedron in the former four groups, while the heptagons are arranged
on the face of tetrahedron in the latter four groups.

It is worthwhile to remark here the topological line defects that have recently been
proposed [21, 22]. The topological line defects are defined as a boundary between
the armchair and zigzag lines that are aligned in parallel. As shown in Fig. 2, such
a topological line defect can be a sequence of alternating pentagons and heptagons
(Fig. 2a), of pentagon–heptagon pairs (Fig. 2b), or of alternating pentagon pairs and
octagons (Fig. 2c) in which we can consider the octagons as the merged pentagons
and heptagons from the comparison to the line defect in Fig. 2b. We therefore see
that heptagons, when they form one of the line defects together with pentagons, can
connect the armchair and zigzag lines aligned parallel in two-dimensional sheet or in
one-dimensional tube.

A single heptagon in the three-dimensional tetrapod junctions also connects the
aligned armchair and zigzag lines. In the tetrapod junctions having three heptagons
on each face (Fig. 3a), each heptagon connects the line alignments around the face
center and in the tube. The line alignment around the face center is therefore different
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from the one in the tube. In the tetrapod junctions having a pair of heptagons on each
edge (Fig. 3b), each heptagon again connects the aligned armchair (zigzag) and zigzag
(armchair) lines. Nonetheless, the line alignment around the face center is the same
as the one in the tube (Fig. 3c), since the heptagons are not placed on the face but on
the edge.

We now understand that there is no restriction in choosing the line alignment around
the face center and in the tube. By placing three heptagons on each face, we can con-
nect the armchair (zigzag) lines around the face center and the zigzag (armchair) lines
in the tube. By placing a pair of heptagons on each edge, in contrast, we can connect
the armchair (zigzag) lines around the face center and the armchair (zigzag) lines in
the tube. This combination of armchair/zigzag alignments, together with the two pos-
sibility for the face center, i.e., a carbon atom or a benzene ring, results in the eight
groups shown in Fig. 1.

After selecting one of the eight groups, another three parameters are needed to
fully specify the topology of the standard tetrapod junctions: the radius of the arm-
chair/zigzag nanotube, the separation of the three (two) heptagons on the face (edge),

Fig. 2 The topological line defects defined as a boundary between the aligned armchair (in blue) and
zigzag (in red) lines. (a) The line defect that appears when an alignment of armchair lines is adjacent to
an alignment of zigzag lines. (b) The line defect that appears when two armchair lines are inserted into an
alignment of zigzag lines. (c) The line defect that appears when a single armchair line is inserted into an
alignment of zigzag lines

Fig. 3 The role of a single heptagon in a tetrapod junctions. (a) The heptagon arranged on the face of tet-
rahedron connects the aligned armchair and zigzag lines. In the tetrapod junctions with heptagons arranged
on the face, the alignment of lines around the face center is therefore different from the one in the tube.
(b) The heptagon arranged on the edge of tetrahedron also connects the aligned armchair and zigzag lines.
The drawing is made for the junction in Fig. 1f. (c) The same junction as in (b) from another view. The
alignment of lines around the face center is the same as the one in the tube
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and the length of the nanotube. We took, in this study, the shortest possible nanotube,
the shortest possible separation for the three (two) heptagons on the face (edge), and
the three thinner nanotubes, i.e., (6,0), (6,6) and (12,0) nanotubes.

3 Electronic structure of tetrapod junctions

For the standard tetrapod junctions of smaller sizes that are defined above, we studied
the relation between electronic structure and topology by performing electronic band
calculation within the tight-binding approximation. All the tetrapod junctions form a
diamond crystal lattice in which a pair of junctions in staggered form make a unit cell.
It should be noted that we can form various networks other than normal diamond by
using various unit cells. We, in this study, focus attention to the network structure of
cubic diamond, i.e., the D-type schwarzites tessellated by hexagons and heptagons.

In Fig. 4 we show the two typical electronic band structures for the tetrapod junc-
tions. Within the calculations we performed, we found that the electronic property of
the tetrapod junctions depends on one particular topological factor: the junctions with

Fig. 4 The electronic band structure and density of states (left) and the magnified band structure near the
Fermi energy (right) where the highest occupied and lowest unoccupied bands are indicated by the colors
red and blue, respectively. The dispersion relation is drawn along the symmetry points in the first BZ of
diamond lattice, and the energy unit is scaled by the transfer integral (t) between the nearest neighbor sites.
(a) The tetrapod junctions having a carbon atom in the face center show metallic band structure. We show
the results for the junction in Fig. 1a as an example. (b) The tetrapod junctions having a benzene ring in the
face center show semiconducting band structure. The figure is drawn for the junction in Fig. 1c
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Fig. 5 The electronic structure of the tetrapod junctions connecting (6,0) nanotubes. See the caption in
Fig. 4. The partly flat band and the corresponding peak in the density of states are indicated in green. The
figure is drawn for the junction in Fig. 1h

a carbon atom at the face center have metallic band structures (Fig. 4a), including
the band structures with a very narrow gap, while the junctions with a benzene ring at
the face center have semiconducting band structures (Fig. 4b). This tendency holds true
for all the standard tetrapod junctions of smaller sizes that we examined. We cannot
regard this tendency as a rule. We, however, see from the tendency that the electronic
property of nanotube networks connected by the tetrapod junctions does not depend
on the nanotube itself but depends on the junction. For example, the three-dimensional
nanotube network made of metallic (semiconducting) nanotubes can be semiconduct-
ing (metallic) depending on the topology of the tetrapod junction employed in the
network. This example suggests the importance to consider the topology of junctions
as a part of sp2 carbon network.

Among the tetrapod junctions we studied, the junctions having (6,0) nanotubes
exhibit a partly flat band near the Fermi energy. We show an example in Fig. 5 in
that the flat band in a particular momentum region and the corresponding peak in the
density of states are emphasized in green. One of the two points to be noted here is the
fact that all the tetrapod junctions with (6,0) nanotubes exhibit a flat band regardless
of other topological factors. The other point to be noted is the fact that these nano-
tubes exhibit a flat band in the identical wave number region that corresponds to the
boundary lines of the first Brillouin zone (BZ) of the crystal lattice.

With the help of the two facts above described, we can figure out the origin of
the flat band states by examining the wavefunction distribution. In Fig. 6a we show
the wavefunction distribution of the flat band states at a wave number on the � − X
line in the first BZ. We see that there are nodes of wavefunction at a pair of boundaries
of the unit cell and that the direction connecting these boundaries corresponds to the
�− X direction in the wave number space. Now we understand that this node of wave-
function is the origin of the flat band states. The wavefunction, and the corresponding
energy, of the whole network cannot vary no matter what the wave number along the
� − X line is, since there is no overlap of the wavefunction component between the
adjacent cells in that direction. The same situation is observed along the other two
directions that span the first BZ.

123



J Math Chem (2009) 45:460–470 467

Fig. 6 The wavefunction distribution of the flat band state seen in the tetrapod junctions connecting (6,0)
nanotubes. The red/blue coloring and radius of the spheres indicate the phase and amplitude of wavefunction
component. (a) The skeleton of the unit cell (left) and the wavefunction distribution of the flat band state
at a wave number on the � − X line (right). The figure is drawn for the junction in Fig. 1h, and is drawn
from the direction indicated by the arrow. (b) Schematic picture of the wavefunction distribution in which
the region near one of the (6,0) tubes, the colored region in the inset, are depicted as a projection map. The
numbering from 1 to 6 indicates the six hexagons around the circumference of the (6,0) tube. The dotted
lines indicate the nodal lines of the wavefunction

The flat band appears in the very vicinity of the Fermi energy for all the tetrapod
junctions with (6,0) nanotubes irrespective to other topological factors. In Fig. 6b we
show a schematic picture for the wavefunction distribution of Fig. 6a as a projection
map that depicts the area near the (6,0) tube. Though the flat band state is not a non-
bonding orbital (NBO) of energy zero, the wavefunction distribution near the (6,0)
tube is quite similar to an NBO: for each site near the tube, the value of wavefunction
components summed up over the three neighboring sites vanishes, while the value
does not necessarily vanish for the sites far away from the tube. This similarity to an
NBO is the reason that the flat band always appears in the very vicinity of the Fermi
energy.

The remaining question about the flat band states is that why it appears in all the
tetrapod junctions with (6,0) nanotubes and why it does not appear in the junctions
with other nanotubes. The question, in other words, is that why the (6,0) nanotubes do
and why other nanotubes do not realize the nodes of wavefunction at the boundaries
of the unit cell as shown in Fig. 6a. The clue to answer this question is in the wave-
function distribution near the (6,0) tube. We see in Fig. 6b that there are six nodal lines
running along the (6,0) tube and that three of them pass through the heptagons that
are adjacent to the six hexagons along the circumference of the tube. It is conceivable
that these nodal lines play a crucial role in the flat band states, since all the junctions
with (6,0) nanotubes do exhibit the wavefunction distributions that are quite similar to
Fig. 6b. Though the flat band state is not an exact NBO, if there are such nodal lines
as shown in Fig. 6b, it is expected that the wavefunction components at the boundary
of the unit cells, that is emphasized by the color of pink in Fig. 6b, will vanish for
sure.

One simple and important fact to be noticed here is that all the tetrapod junctions
with (6,0) nanotubes have the topological structure that is identical to the one in Fig. 6b
around their (6,0) tubes. No matter what the other topological factors are, the topo-
logical structure around the tube is identical to the one in Fig. 6b, if the nanotube in
question is a (6,0) tube. Since 12 heptagons are distributed to four nanotubes, three
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heptagons for each, if there are only six hexagons around the circumference of tube,
no other structure can be possible under the Td symmetry. We can thus understand
that all the tetrapod junctions with (6,0) nanotubes do exhibit the flat band states near
the Fermi energy.

The flat band states are not expected to lead to a ferromagnetism in a straightfor-
ward way, since the wavefunction distribution is confined within the unit cell. It is,
however, worth noting that the flat band states do cause a sharp peak in the density of
states in the very vicinity of the Fermi energy. Since the flat band states are realized
on each boundary line of the first BZ, higher peak heights in the density of states are
expected for the junctions that have the first BZ of smaller area. One possibility is the
junctions that connect four (6,0) nanotubes of larger length. Those junctions, how-
ever, exhibit a larger number of electronic states that do not contribute to the flat band
states. We therefore conclude that the tetrapod junctions with shorter (6,0) nanotubes
are the best candidates to exhibit some anomaly in the electronic state near the Fermi
energy.

4 Extension to non-standard tetrapod junctions

There are vast possibilities to extend the standard tetrapod junctions to another series
of tetrapod junctions of non-standard type. One possibility is the extension to the
junctions with chirality. A well-defined and sophisticated method that enables us to
generate such chiral junctions is already established: we can systematically generate
the structures of chiral tetrapod junctions by applying the map operation of septupling,
or Capra, together with some other map operations to the skeleton of tetrahedron
[16–18]. Those map operations also enable us to generate the structure of tetrapod
junctions with rings other than heptagon.

Here we show another possibility of extension: an extension to the tetrapod junc-
tions that connect nanotubes with different radii. One simple way to connect nanotubes
having different radii is to change the relative position of heptagons. Fig. 7 shows an
example. By translating the position of the three heptagons that are distributed around
one particular nanotube, we can make the junctions that connect three identical nano-
tubes and one particular nanotube with a different radius. Fig. 8 shows an example of

Fig. 7 An example of tetrapod junction that connects nanotubes of two different radii. We can make the
radius of one particular nanotube thinner by translating the position of one heptagon that is indicated in
green. We depict the junctions that connect three (18,0) tubes and one thinner tube that is a (15,0) tube (a),
a (12,0) tube (b), a (9,0) tube (c) and a (6,0) tube (d)
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Fig. 8 An example of hypothetical network structures as a porous material that has the pores of two dif-
ferent sizes. A single layer is depicted for simplicity. Along the boundary connecting the upper and lower
regions in the figure, the tetrapod junctions in Fig. 7d are used

hypothetical network structures that can be constructed by using the tetrapod junction
of such non-standard kind. In addition to the interest in their electronic structure, the
three-dimensional networks of this kind rouse our interest in the structure itself. It
is expected, for instance, that the nanotube networks of this kind will be useful as
a porous material, since they have a well-controlled array of nanopores of different
sizes.

5 Conclusion

We have studied the relation between the electronic property and topology of the nano-
tube junctions of tetrapod shape. Our energy-band calculations within the tight-binding
approximation for the standard tetrapod junctions of smaller sizes have showed the
possibility that the electronic property of tetrapod junction will be determined mostly
by a simple topological factor. We have found that the tetrapod junctions having four
nanotubes of a specific kind show a partly flat band near the Fermi level. We have also
showed the possibility that extends the standard tetrapod junctions to the junctions of
non-standard type.
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